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Abstract. This paper deals with the modelling and control for wind turbine combined with a battery 8 
energy storage system (WT/BESS). A PI controller of pitch angle is applied to adjust the output power 9 
of WT, and a method for battery scheduling is presented for maintaining the state of charging (SOC) of 10 
BESS. When the battery level is below the lower limit, we increase the expected output power of wind 11 
turbine through raising the operation point to charge the battery. Considering the effect of 12 
charging/discharging, a switched linear system model with two equilibriums is presented firstly for 13 
such WT/BESS system. The region stability is analyzed and an approach for estimating the 14 
corresponding stable region is also given. The effectiveness of the proposed results is demonstrated by 15 
a numerical example. 16 
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1 Introduction 19 
With the increasing concerns on environment protection and emission reduction, wind energy, 20 
which is sustainable and clean, is nowadays exploited more extensively. In 2017, the newly installed 21 
capacity of wind power worldwide exceeds 50GW with a cumulative capacity of 539.6GW. However, 22 
the features of volatility and intermittency of wind bring challenges on harnessing wind energy as well 23 
as the technique of turbine access to power grid (Beik O et al., 2017; Wang Q et al., 2017; Li D et al., 24 
2017; Yan H et al. 2017; Borges et al., 2017; Yin M et al., 2016).  25 
The objects of the wind turbine control could be diverse for different cases. For example, when the 26 
wind speed is comparatively low, the control object is to capture the wind energy maximally by 27 
adjusting the rotor speed. By maximizing the power coefficient, an adaptive robust control scheme is 28 
proposed for maximum power capture in (Beltran et al., 2009; Zhao H et al., 2017). Sliding mode 29 
control (Beltran et al., 2009) as well as model predictive control (MPC) (Zhao H et al., 2017) has also 30 
been presented to track the maximum power point.  31 
However, when wind speed is high and exceeds the demands of the connected power grid, the object 32 
of control in this case is changed to limit the output power of turbine by controlling the pitch angle 33 
(Johnson et al., 2011; Hwas et al., 2012; Chowdhury et al., 2012; Yilmaz A S et al. 2009; Lin Z et al., 34 
2018; El-Tous,, 2008; Senjyu T, 2006; Matsuzaka, 1997). In practical engineering, pitch angle is often 35 
controlled by proportional-integral (PI) strategy (Johnson et al., 2011; Hwas et al., 2012). To improve 36 
the adaptiveness and the rapidness of the system, some intelligent methods such as fuzzy control 37 
(Chowdhury et al., 2012) and neuro-network (Yilmaz A S et al. 2009) are applied to pitch angle 38 
control. Furthermore, considering the variation of wind speed, the dynamics of wind turbine is 39 
modelled as Markovian linear jump system and the stochastic stability of the WT system is investigated 40 
(Lin Z et al., 2018).  41 
Aforementioned approaches of control can alleviate the output power fluctuation of WT to some 42 
extent. However, when the variation and the intermittency of wind energy is too excessively, it is not 43 
enough to smooth the power of WT purely by the control strategies. In this case, to compensate the 44 
power fluctuation of WT, an effective approach is to combine the wind turbine with a battery energy 45 
storage system (BESS) (Zhao T et al., 2017; Muhando et al., 2011; Meghni B et al., 2017). This BESS 46 
system can not only provide power to grid temporarily when the wind is too weak, it also absorbs the 47 
surplus output power of turbine for the case of high wind speed. In recent years, BESS systems have 48 
been applied extensively for wind turbine when connected to the grid. Since the battery and its 49 
maintenance take a large proportion in the total cost of WT/BESS system, some new topics of research 50 
are proposed, e.g. the minimum capacity of the BESS for wind farm (Howlader A M et al., 2015; Zhu 51 
W et al., 2013; Carpentiero V et al., 2012), the energy management strategy for extending the life span 52 
of battery, and etc. One of the difficulties for such problems is that the intermittency characteristics of 53 
wind should be taken into account. 54 
   In (Ma Z et al., 2015; Zhang L et al., 2010), some SOC regulate strategies of the battery are 55 
proposed by using a prediction model for wind speed changes. It should be noted that the wind turbine 56 
will increase (or decrease) the power output to the BESS when the battery is in charging (or 57 
discharging). This implies that, even if the wind speed remains constant, the operation points of the 58 
WT/BESS will change depending on the battery status of charging/discharging. From the perspective 59 
of switched systems, such WT/BESS can be described as a switched system with multiple equilibriums 60 
(SSME), where the two equilibriums in this paper are corresponding to the two different operation 61 
points of WT. The switching in the WT/BESS relies on the initial SOC and the energy regulation 62 
strategies of the BESS. It is well known that for a stable switched system with single equilibrium (i.e. 63 
the equilibriums of each subsystem are identical), the trajectory of the system will approach to the 64 
certain point equilibrium under appropriate switching sequences. Many contributions have reported on 65 
the stability of the switched system with single equilibrium for both arbitrary and time-dependent 66 
switching (Xiang W et al., 2018). However, for the system of SSME, the state trajectory cannot 67 
converge to a certain points but run reciprocally among the different equilibriums. Thus the notion of 68 
asymptotic stability is not suitable for the system of SSME. Region stability is defined for SSME 69 
system and a method for estimating the stable region is also proposed in (Guo R et al., 2017).  70 
By means of the theoretic results of SSME, this paper deals with the modelling and the control of 71 
the WT/BESS which provides steady power to the grid. To the best knowledge of the authors, there is 72 
no similar result reported on the studies of WT/BESS from the point of SSME. The contributions of 73 
this paper are threefold: 1) a SSME model is established for WT/BESS; 2) region stability is studied 74 
and a stable region is given; 3) a PI controller is designed for pitch angle control with the region 75 
stability are guaranteed. 76 
This paper is structured as follows: Section 2 describes the dynamics of WT as well as the proposed 77 
SOC scheduling method of BESS. In Section 3, the WT/BESS is modeled as a SSME and the region 78 
stability is investigated. A controller design method is also given in this section. Finally, a numerical 79 
example is given in Section 4. Section 5 concludes this paper. 80 
Notation 81 
and denote the sets of real and complex numbers, and
n
is the n-dimensional Euclidean space 82 
respectively. ( )max  / ( )min   denote the maximum/ minimum eigenvalues of matrices, respectively. 83 
 means the European norm of vector in
n
, i.e.
2 2 2
1 2( )nx x x x= + + + . 84 
2 WT/BESS Model 85 
The structure diagram of a WT/BESS system is shown in Figure 1. The instantaneous power 86 
generated by the wind turbine gP is generally fluctuant due to the variation of wind speed. To smooth 87 
the power supplied to grid, i.e. 
cP  in Figure 1, a battery energy storage system is integrated into the 88 
wind turbine system, the output power 
bP  of such battery system is used to compensate cP . And 
*
gP  89 
is the expected output power of wind turbine. To extend the battery lifespan, when the battery level is 90 
below the lower limit, we increase the expected output power *
gP  of wind turbine through raising the 91 
operation point to charge the battery. When the battery needs to be charged, we divide the charge and 92 
discharge power of battery into two parts equally. One part is to charge the battery at a fixed 93 
power chargeP , and the other part still uses bP  to smooth the output power of the WT/BESS system 94 
to the grid. 95 
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Figure 1. Wind turbine system with BESS. 97 
2.1 WT Model 98 
In general, the instantaneous power
wP captured by a wind turbine from wind energy can be expressed 99 
as 100 
 
2 31 ( ,  ),
2
w pP R v C  =   (1) 101 
where  is the air density, R is the rotor radius, v is the instantaneous wind speed,  is the turbine’s 102 
blade pitch angle, 0 ,90     ,  is called as tip-speed ratio which is defined by /R v = , i.e. the 103 
ratio of the tangential speed of the blade tip to the wind speed,   is the rotor angular velocity. 
pC  is 104 
the power coefficient which is given as [11]: 105 
 
20.24
116
0.4654 0.4 5PC e


−
 = − −  
  (2) 106 
pC

0 =
1 =
2 =
5 =
10 =
15 =
20 =
   107 
Figure 2. 
pC − curves for different pitch angle. 108 
where
3
1 1 0.035
0.08 1   
= −
 + +
. Figure 2 illustrates
pC − characteristic curves for different pitch 109 
angles.  110 
To make the instantaneous power of the turbine 
wP  equals a constant demand, the expected wind 111 
speed dv  and the corresponding rotor speed s  can be obtained by Eq. (1) and the power coefficient 112 
formula (2). In this paper, the particular rotor speed s  is called the operation point of the wind 113 
turbine. 114 
The power curve of turbine is given in Figure 3, where operation of the turbine is divided by three 115 
regions. In Region 1, the wind turbine will not run due to the wind speed is lower than the minimum 116 
required wind speed inv  . In Region 2 in which the wind speed is in between inv  and dv  , the output 117 
power of the wind turbine cannot reach the demand power. In this case the BESS could be utilized to 118 
supplement extra energy to satisfy the demand of power grid. In Region 3, the wind energy will exceed 119 
the demand of power grid. Thus, in this case the output power of wind turbine needs to be limited by 120 
adjusting the pitch angle   and by charging the BESS jointly.  121 
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Figure 3. Output power curves of wind turbine. 123 
The dynamic model of the wind turbine can be expressed as 124 
 
1
( ),aero d
J
  = −    (3) 125 
.g dP  =                                             (4) 126 
where J is the rotational inertia of the turbine, the aerodynamic torque 
aero is given by 127 
 2 3
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.
2
p
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C
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The load torque of the wind turbine d  is generally set as  129 
*
g
d
s
P


= .                                    (6) 130 
where 
*
gP  is the expected output power due to the requirement of grid.  131 
To prevent undesirable over-speed faults, a PI controller is applied to implement for controlling the 132 
pitch angle, 133 
 
0
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t
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where e s  = − and s is the expected pitch angle corresponding to the average speed of wind.  135 
Therefore 136 
 ( ).P I sK K   = + −                                    (8) 137 
To analyze the stability for wind turbine, the method of linearization as follows is often used (Palejiya et 138 
al., 2013, Lin Z et al., 2018). Apply the Taylor expansion around the point ( ),  ,  s s sv   at the average 139 
speed of wind for (3) and (8), which yields 140 
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2.2 BESS Model 143 
According to the battery access method in (Howlader A M et al., 2015), BESS model is shown in 144 
Figure 4. The smooth power 
bP  of the battery is related to three variables: the combined power from 145 
the WT/ BESS to the grid
cP , the expected power 
*
cP  and the SOC of the battery. Figure 5 in below 146 
presents the control structure of the BESS for maintaining the storage energy of the battery in a proper 147 
range. When the SOC of the battery is below the lower limit, the wind turbine will supply extra power 148 
to charge the BESS, thus the operation point of the wind turbine will shift in this case. 149 
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Figure 4. Control system of BESS. 151 
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Figure 5. The schedule of battery charging. 153 
When the battery is in charge, the dynamics of the battery system  154 
( ) * ( )b b b b s c cP nV C K SOC SOC P P t = − + −  155 
where ( ) ( )c b g chargeP t P P t P=  + −  and 
*
c g chargeP P P
= − , thus 156 
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*( )
( ) + +
chargec c
b s
b b b b
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SOC t K SOC SOC
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−
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where 
1
2
=
charge
s
b b b
P
SOC SOC
nK V C
− , n  is the number of batteries , bV  is the terminal voltage of battery, 159 
and bC  is the nominal energy capacity of battery bank in kAh.  160 
When the battery is not in charge, i.e. =0chargeP , thus (11) is degenerate into  161 
( ) ( )2( ) +0.5
2
d
s b
b b
d
SOC t K SOC SOC
dt nV C

 = − −                  (12) 162 
where 2 = sSOC SOC . 163 
3 SSME Model and Region Stability for WT/BESS 164 
For a WT/BESS，when the battery needs not charge, the output power of wind turbine is generally 165 
set to be the demand of power grid, i.e. *
g dP P=  . When the SOC of battery is too low, the output 166 
power of wind turbine will not only meet the demand of power grid, but also need to provide additional 167 
power chargeP  for charging the batter system, i.e. 
*
g d chargeP P P= +  . Hence, the operation point of wind 168 
turbine, which is the junction point of region2 and region3, will shift because the demand power is 169 
changed. Thus the rotor speed s  at the operation point will be raised from 2  to 1 . And due to 170 
that both rotor speed s  and demand power at average speed of wind is different when 171 
charging/discharging, the expected pitch angle s  corresponding to average speed of wind will also 172 
shift from 1  to 2 . Therefore, the model of wind turbine is linearized at 1 1( , )   and 173 
2 2( , )  respectively by distinguishing the two cases of charging and discharging, as shown in Figure 174 
6.  175 
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Figure 6. Operation points of WT/BESS. 177 
Select a set of PI controller parameters ,i iP IK K  for each subsystem in this paper. After linearization 178 
on the two equilibriums and notice (9) – (12), a model of switched system with multiple equilibriums 179 
(SSME) is presented as below,  180 
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It can be seen from (13) that the two subsystem equations of wind turbine have no direct relationship 185 
with the SOC of battery. However, the variation of the latter could affect the switching of operation 186 
point of wind turbine. At the same time, the change of wind speed will also cause such equilibrium 187 
switching. Since the change of wind speed is generally difficult to predict, it is hard to describe the law 188 
of the operation point switching. Therefore, the switching process of operation point of turbine in this 189 
paper is regarded to be arbitrary when stability analysis. In the following, the region stability of a 190 
switched linear system with two equilibriums (14) as below is investigated. 191 
 ( )( ) ( ) ,et tx A x x = −   (14) 192 
where the switching law  ( ) 1,2t  , i i iA A BK= + .  193 
Different from the single equilibrium system, the trajectory of a SSME cannot converge to a certain 194 
point, which implies that it is impossible to be asymptotic stable for a SSME as long as the switching 195 
of subsystem does not terminate. In (Guo R et al., 2017), the concept of region stability is proposed for 196 
SSME, the definition of which is given as below. In brief, a SSME is region stable if the trajectory of 197 
the system under arbitrary switching sequence will converge to a set called stable region. Clearly, the 198 
stable region contains all the equilibrium points of the SSME. The studies on the region stability 199 
conditions and the methods for estimating the stable region are still in progress.  200 
Definition 3.1 (Region Stability) (Guo R, 2017) For
0
nx  and an arbitrary switching path ( )t , 201 
denote by
( ) 0 0( ; , )tx t t x the trajectory of the switched system (14) starting from 0x . 202 
Letting n
w  be a domain containing all the equilibrium of the subsystems, if 203 
for ( ) 0 0( ; , )tx x t t x  , ( ) 0 0lim ( ( , , ), ) 0t w
t
dis x t t x
→
 = , then the switched system (14) is called region 204 
stable on 
w  and w  is said a Stable Rough Region (SRR) under arbitrary switching paths, 205 
where  ( ) 0 0( ( , , ), ) : inf :t w wdis x t t x x y y  = −   . The minimum among all the stable rough regions, 206 
that is, w
w
 is called the stable region under arbitrary switching paths.  207 
Based on the common Lyapunov function method, the following sufficient conditions of region 208 
stability and the estimation of the corresponding stable region is given for SSME (14).   209 
Theorem 3.1 Consider a SSME (14) , if there exit a positive definite matrix X  and matrix iW   210 
such that ( ) 0, 1,2Ti i i iA X BW A X BW i+ + +  = , then system (14) is region stable under arbitrary 211 
switching paths, and the feedback control law is 1i iK W X
−=  , the corresponding stable region can be 212 
given as  213 
  1: ( ) ( ) ,nx x x X x x C− =  − −    (15) 214 
where 1 2( ) 2
e ex x x= +  , and 215 
 ( )
2
1
{1,2} {1,2}
( ) max max ,max i i
i i
C X x  −
 
= − +   (16) 216 
1( ) ( ) / ( ),ei i i i min iA BK X x x Q 
−= + −                         (17) 217 
 1 1, ( ) ( ), 1,2.e Ti i i i i i i ix Q A BK X X A BK i 
− −= + = − + + + =   (18) 218 
Proof According Corollary 1 in (Guo R et al., 2017), if the special system (19) which is ordinary 219 
switched system of SSME (14) shares a CLF 220 
, , 1, 2.  nix A x x i=  =                               (19) 221 
Hence, if there exists a positive definite matrix P  , that 222 
( ) ( ) 0,Ti i i iA BK P P A BK+ + +                            (20) 223 
then the system is region stable under arbitrary switching paths. The corresponding stable region is  224 
 : ( ) ( ) ,nx x x P x x C =  − −                           (21) 225 
Left and right multiplication matrix 1P−  (19) and define 1X P−=  and i iW K X=  , then (16) - (18) 226 
are obtained. This completes the proof. □ 227 
To reduce the oscillation of trajectory between different operation points, a smaller stable region    228 
could be obtained if the feedback laws iK  are selected appropriately. The procedure of the controller 229 
design for the WT/BESS system is given as follows: 230 
Controller design procedures:  231 
Step 1: Calculate two equilibriums 1 2,
e ex x  at average speed of wind. According to the maximum 232 
power coefficient, the expected wind speeds, i.e. 1 2,v v  on the two operation points can be calculated 233 
to make instantaneous power of the turbine 
wP  equals a constant demand. Hence, the corresponding 234 
rotor speed 1 2,   and expected 1 2,   at average speed of wind can be obtained respectively by Eq. 235 
(1) and the power coefficient formula (2). 236 
Step 2: Linearize the WT/BESS model on the two equilibriums respectively and obtain linear SSME 237 
(9) and (10).  238 
Step 3: For theorem 3.1, the positive definite matrix X  can be solved by the LMI toolbox in 239 
MATLAB. To make the stable region smaller, calculate matrix X  and matrix iW  by itineration. 240 
Then according to theorem 3.1, the parameters of 1PK ,
1
IK  and 
2
PK ,
2
IK  and the stable region   are 241 
obtained. 242 
4 Numerical example 243 
Considering a practical WT/BESS given in (Palejiya et al., 2013), where the rotor radius 9R m= , the 244 
rotor inertia 226000J kg m=  , 0.4101pmaxC =  , the demand power of grid 40kWdP = , and the 245 
charging power of battery bank 20kWchargeP = , the number of batteries 10n = and 0.02bK = − , the 246 
terminal voltage and the nominal energy capacity of a single battery are =48bV V , 247 
480kAhbC = respectively. 248 
Assume the average wind speed is 12m/s, and by following the design procedure presented in 249 
Section 3, the PI controller and the corresponding stable region are obtained. 250 
Step 1: According to the three parameters dP , chargeP , pmaxC , the wind speeds in two operation 251 
points can be obtained, 
1 9.3 /v m s= , 2 8.4 /v m s= . Thus, 1 2,
e ex x  in (14) are 252 
o
1
o
2
: 7.55 , 8.146 / ;
: 15.25 , 7.326 / .
e
e
x rad s
x rad s
 
 
= =
= =
 253 
Step 2: Linearize the WT/BESS model on the two equilibriums and then we 254 
get
1
0.0084f  = − , 1 0.0015f  = , 2 0.0131f  = − , 2 0.0236f  = − .The state matrix of the two 255 
subsystems in (14) is 256 
1
0 0
0.0084 0.0015
A
 
=  − 
, 
2
0 0
0.0131 0.0236
A
 
=  − − 
. 257 
Step 3: By Theorem 3.1, it can be obtained that 258 
1
4543.9 46.8
46.8 23.1
X −
 
=  
 
,  1 3181600 33200W = − − ,  2 908610 9270W = − − . 259 
Thus 260 
1 700-PK = ,
1 18.5-IK =  and
2 200-PK = , 
2 3.5-IK = .                 (22) 261 
And the corresponding stable region is  262 
 1: ( ) ( ) 1.2368 .nx x x X x x− =  − −   263 
Then, the closed-loop state matrices of the subsystems 264 
                        265 
1
5.9125 19.5701
0.0084 0.0015
A
− 
=  − 
, 
2
2.6139 1.2217
0.0131 0.0236
A
− − 
=  − − 
.               (23) 266 
Under aforementioned conditions, the trajectories of the SSME for wind turbine are shown in Figure 267 
7. For comparison, Figure 7 (a) and Figure 7 (b) shows the state change trajectories at wind speeds of 268 
12 m/s with two different PI controllers respectively, where the controller parameters used in Figure 7 269 
(a) are chosen as (22), and the other PI controller parameters are 1 20-PK = ,
1 1-IK =  270 
and 2 -18PK = ,
2 2-IK = . One can see that, although both the two controllers can guarantee the 271 
WT/BESS is region stable, the former PI controller, which is obtained by the proposed procedure in 272 
Section 3, has smaller stable region than the latter. 273 
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Figure 7. The trajectories of turbine: a) PI controllers chosen as (22),  275 
b) PI controllers chosen as 1 20-PK = , 
1 1-IK = , 
2 -18PK = , 
2 2-IK = . 276 
When the wind speed is as in Figure 8, Figure 9 gives the response of the WT/BESS. In detail, Fig. 277 
9(a) is the switching of the operating point of the wind turbine, which is synchronous with the 278 
switching between the modes of charging and discharging of the battery. Figure 9(b) shows the plot of 279 
pitch angle. Fig. 9(c) shows the plots of wind turbine rotor speed, which demonstrates the proposed 280 
results (the solid red line) is better than other results (the dotted black line) (Palejiya et al., 2013) which 281 
is based on the single equilibrium analysis (Palejiya et al., 2013). Finally, it can be seen from Figures 282 
10 and 11 that the proposed schedule method of battery energy can keep the SOC with the expected 283 
range and smooth the output power of WT/BESS effectively. 284 
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Figure 8. The curve of wind speed. 286 
a)
b)
c)
 287 
Figure 9. Simulation results: a) the switching path of the SSME of the WT,  288 
b) Blade pitch angle, c) rotor speed of the WT. 289 
 290 
Figure 10. The SOC of the battery. 291 
 292 
Figure 11. The combined output power cP  supplied to grid. 293 
5 Conclusion 294 
This paper studies the modelling and control of wind turbine with battery energy storage system. 295 
Noticing the switching of the operating point of the wind turbine during battery charging/discharging in 296 
a WT/BESS system, this paper proposed a model of switched linear system with multiple equilibriums 297 
accordingly. The region stability is analyzed and an approach for estimating the corresponding stable 298 
region is also given. Combined with PI control and battery’s schedule, this paper gives the design 299 
procedures of controller parameters. In the further study we will investigate the region stability of 300 
WT/BESS under wind fluctuations. 301 
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